Lesson 10

SUCCESSIVE DIFFERENTIATION:
LEIBNITZ'S THEOREM

OBJECTIVES

At the end of this session, you will be able to understand:
a Definition
o n™ Differential Coefficient of Standard Functions

o Leibnitz’s Theorem

DIFFERENTIATION: If y = f(x) be a differentiable function of x, then % = f'(x) 1s called the first
X

differential coefficient of y w.r.t x.

Hence, differentiating both side w.r.t. X, we have
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The expressions Q, d f , d3y R Q are called the first, second, third, .....nth differen-
dx dx” d’x dx"

tial coefficient of'y.

These function are usually written as

L | ||

DA A AU LN 0) AU 100 AU y,and also Dy, D*y,D’y,......D"y.

n" DIFFERENTIAL COEFFICIENT OF STANDARD FUNCTION:
(i) Differential Coefficient of x"

If y=x", theny, =mx"";
y, =m(m—1)x""7;y, =m(m—1)(m-2)x"" and so on

In general, y, =m(m—=1)(m—=2)(1m —=3).ccccccervereeneannenn (m—-n+1)x"";



Note: If m be a positive integer, we have

y, =123 ... m=m!;
Hence D, (x")=m(m—1)(m—2)(m—23)............ (m—n+1)x

m-—n

(ii) Differential Coefficient of (ax +0)" :

Ify = (ax+b)™, theny, = am(ax+b)"";

v, =a’m(m—1)(ax +b)x"*;y, = a’m(m —1)(m — 2)(ax + b)x"~> and so on.

In general y, =a"m(m—1)(m—2)(m-23)............ (m—-n+1)(ax+b)x"™"

[Note: In the first differentiation, the last term in it is (m—1+1); in the second differentiation it is
(m—1)i.e.(m—2+1);in the third differentiation it is (m —2)i.e.(m—3+1).So the nth differentiation it
willbe (m—n+1).]

Hence D(ax+b)" =a"m(m—1)(m—2)(m—3)............ (m—n+1)(ax+b)"™"

|
or D(ax+bY" =—2a"(ax +b)""
m—n)!

In case m is negative integer,let m — p, where p is positive integer, then

D(ax+b)" =d"(-p)p—D(=p—=2)ceeeeerenennn. [-p—(n—-D](ax+b) "™
=a"()"p(p+D)(P+2)eeeieinne. [(p—n+D](ax+b) "™
. (p—n+D! o
=(-1)'~—ad"(ax+b)”’
(p-D!
Notel. If m =nthen D"(ax+b) " =a"!
Note2. If m=—-1, we have D" (ax+b)" =(=1)(=1=1)...coco......... (-1-n+Da"(ax+b)™"™"
(-D"1.2.3........... na"(ax+b)"" = (=1)"n'a" (ax+b)"" = ﬂ.
(ax+b)"
(iili) Differential Coefficient of (aX + D) :
!
If y=log(ax+b),then V= i a(ax+b)" = a0y
(ax+b) (ax+b)
B a’.1 _ a’.(1) B a2 _ a’.(2)
% (ax +b)* (ax +b)* 6 (ax + by (ax+b)*"
4 4 !
Vi = L‘34: (—1)3.L3')4 and so on.
(ax+D) (ax+D)



" —1)!
In general, y, =(-1)"" a’n-Di

" (ax +b)"
" (n=1)
Hence D’ log(ax+b) = (—1y “1=D!
(ax+b)"
_ n-1 _ |
Note: D" logx = =D En 1)'.
X
bx
(iv) Differential Coefficient of a .

Ify =a™, then y, =ba" loga,y, = b*a" (loga)’.
Yy = b’a” (loga)’, and so no.
In general, y, = b"¢" (loga)”,

Hence D".a™ =b"g"(log, a)".
ax .
(v) Differential Coefficient of € .

Ify =e", then

2 3 4
y,=ae”y, =ae” y,=ae”,y, =a"e” and so on.
In general, y =a"e”, Hence D"e™ =a"e™.

(vi) Differential Coefficient of SlIl(Cl)C +b ) :
If y = sin(ax + b), then

Yy, =acos(ax+b)= asin[%+ (ax+b)}
) » . |27
v, =—a cos(ax+b)=a" sin 7+ (ax+b) |,and so on.
. 1
In General,y, = a" sin (ax +b+ Emr)

: 1
Hence, D" (ax + b)=a" sin [ax +b+ El/lﬂ':|

Note: D" sin x = sin {x + (%ﬂ



(vii) Differential Coefficient of cos(ax+b):
Ify = cos(ax +b), then

¥, =—asin(ax+b)= acos(%+ax+bj
2 . (7 5 2r
Y, =—a’ sin E+ax+b =a" cos 7+ax+b ,and so on
. 1
In general,y, =a cos(ax +b+ Emz}

1
Hence, D" cosx(ax+b)=a" cos (ax +b+ 5 I’lﬂ'j.

1
Note : D" cosx = cos(x+5n7zj.

ax _: ax .
(viii) Differential Coefficient of € SIN(bX +¢) and e™ cos(bx +¢):

If y =e" sin(bx +¢), then
v, = e sin(bx + c) + be” cos(bx + c¢) = e”[asin(bx + ¢) + bcos(bx + c)]

Putting a =rcos¢ and b = rsing, we get

y, = re” sin(bx + ¢ + ¢), where r* =a’ +b* and ¢ =tan™’ (éj,
a

similary, y, = r’¢* sin(bx + ¢ + 2¢),and so on.
Hence, D"e" sin(bx +c) =r"e” sin(bx + ¢ + ng)
1
= b
where » = (a” +b°)? and ¢ =tan™' (—j
a

Similarly, D"e™ cos(bx +c) =r"e* cos(bx + ¢ + ng)

1
where » = (a* +b°)? and ¢ =tan™' (éj

a

Example. Find the n” derivative of e* sinbxcoscx.

Solution.



Let y =e” sinbxcoscx = 1 e” (2sin bx cos cx)
2
= %e‘”‘ [sin(bx + cx) + sin(bx — cx)] = %[e"x sin(b + c¢)x + e sin(b — ¢)x].
Now D" [ * sin(bx + cx)] (b* +c*)"*e™ sin {bx +c+ntan” (éﬂ
a

{ {a +(b+c)} e"xsin{(b+c)x+ntan71(b+c)/a}
2 +{a2 (b—cy }n/z e” sin{(b— c)x +ntan™ M}

n

Syt =

a

Example. If ¥ = e sin bx, proved that y, —2ay, +(a® +b*)y = 0.

Solution.

Let y =e“ sinbx, Sy, = ae” sinbx + be™ cosbx
and y, =a’e™ sinbx + 2abe™ —b’e™ sinbx  ............... (1)
Also  —2ay, = -2a’e” sinbx —2abe™ cosbx  ............... (2)
and (a’ +b*)y=a"e“sinbx+b’e” sinbx  ..ccoooeennen (3)

Adding (1),(2)and (3), we get
y,-2ay, + (a2 +b2)y =0
LEIBNITZ'S THEOREM:
The find n differential coefficient of two function of x

If u and v are any two functions of x such that all their desired differential coefficients exist, then the n™

differential coefficient of their product is given by

D" (uv) = (D"u)v+" ¢,D"'u.Dv+" ¢,D"'u.D*v +
or

1
D" (uv) = (D"u).v+nD"'u.Dy + ———= n(n=1)

Proof.



Let y=uv, we have
Dy(uv)=(D"u)=(Du)v+uDv (1)

From (1) we see that the theorem is true for n =1.

Now assume that the theorem is true for a particular value of n,we have
D"(uv)=(D"u)v+n,D"'u.Dv+n,D"*uD*v+.... +"¢ D""'uD"y
+n, D" uD™ v+ ... +uD"y ... (2)
Differentiating both siede of (2) w,r,t,x, we get
D" (uv) = [(D””u).v + D"uDv] + (nch”u.Dv + ndD’Hu.Dzv)
+ (nczD”_lu.D2v + nczD”_zu.D3v) +ownt (nch”_”lu.D"v + nc,D"_"u.D’”v)

+ (n D" "uD'v+n

cr+l cr+l

D""_lu.D”zv) + et (DuD”v + u.D”lv).
Rearranging the term, we get
D" (uv) = (D""'w)v+(1+n,)+(D"uDv)+ (n, +n,)D"'u.D*v+
..... +(n, +n. (D" u.D"'V) + ...+ uD"'v ..(3)

n+l

But we know that "¢, +" ¢,,, =" c,,,. Therefore

+1 n n _ n+l
¢, "¢+ ¢, =" ¢, and soon.

1+" ¢, =" ¢y +" ¢, ="
Hence(3) gives
D" (uv) = (D" u)v +"" ¢ (D"u).Dv+"" ¢, (D" 'u).(D*V) +.........

..... +" e D"uD v+ ...+ uD"y. ceveeeneenn(4)

r+l

From (4) we see that if the theorem is true for any value of n, it is also true for the next value of n. But
we have already seen that the theorem is true for n =1.Hence is must be true for n =2 and so for n =3,
and so on. Thus the Leibnitz's theorem is true for all positive integral values of n.

Example. Find the nth differential coefficients of

(1) sinaxcosbx,
(11) log[(ax +b)(cx + d)].

Solution.



(1) Let y = sinaxcosbx = %[2 sin axcosbx] = %[2 sin(a + b)x + sin(a — b)x].

we know that D" sin(ax + b) = a” sin(ax +b+ %}’lﬂ'j
w1 0 1 - 1
Y :5 (a+b)" sin (a+b)x+§n7z +(a—>b)" sin (a—b)x+5n7; .

(11) Let y = log [(ax +b)(cx + d)] = log(ax + b) + log(cx + d).

We know that D" log(ax +b) = (=1)""(n—=1)!a" (ax+b)™"

Sy, =) (m=D0a" (ax+ b)) + (=) (n=D)!c" (ex +d) "
:(—1)"-1(;1—1){ a < }

+
(ax+b)" (ex+d)"

1

Example. Find the nth derivatives of 7 — -
P 1—5x+6x°

Solution.

1 1

6x> —5x+1 (2x-DBx-1)

, 1 __A B _AGx-D+BQx-1
Uex?—5x+1 2x-1 3x-1  (2x-DBx-1)

: 1 B . : 1
Puttlngx:E,lz—g, 1.e.B=-3 ;puttlngx:E,A:Z.

Lety =

b

3

+ =202x-1)"=-33x-1"
R EraE CUED R C

Hence y =

Therefor y, = 5—1[2(236 -1 } - j—x[3(3x -1 ]
» x

Now we apply the formula,
D" (ax+b)" =(=1)"(n)ax+b)""a".
Hence y, =2.2"(-1)"(nHx-1)"" =3.3"(=1)"(n)3x—-1)"".

2n+1 3n+1
or =(-1)"(n! + :
yﬂ ( ) ( ) (2x _ 1)n+1 (3x _ 1)n+1 j|



. . 1/2
Example. If y =sinax + cosax, prove that y" =a” [1 +(=1)" sin 2ax]

Let y = sin ax + cos ax, then

. 1 1
Ly, =a s1n(ax +En7z) +a” cos[ax + Enﬂj

2 1/2
=a" sin(ax + ll’lﬂ'j + cos(ax + ln7rj
{ 2 2

N 1 1 e
=q"| 14+ 2sin ax+5n7z cos ax+5n7r

]1/2

= a"[1 +sin(2ax + nrr)]'* =[1+ sin nx cos 2ax + cos nzxr sin 2ax]"’?

y, =a"[1+(=1)" sin 2ax]'" [Qsinnz =0 and cosnr = (—1)"]

. d2 2b2
Example.If p° = a® cos® @ + b” sin’ 6, prove that p +( pj =2

92 p3 :
Solution.
Given p*> = a” cos> @ +b*sin’ 6 (1)
Differentiating both sides of (1) w.r.t &, we get
s Zp( dpj 2(h* —a*)cosOsin O (2
do
Again differentiating both sides of (2) w.r.t €, we get
d’p dp 2 2 2 .2
— [+ = cos” @ —sin” 0 ..(3
p(dgzj (dé’} = (" —a" ) ) 3)

Multiplying (3) by p* and substituting the value of ;ZH form (1) and (3), we get
d2
p’ [a’@z j+ (b* —a*)? cos® Osin® @ = p* (b* — a*)(cos® O —sin’ 6)

2
or p [igpj (a* cos’ 0 + b*Osin’ O)(b* — a*)(cos’ O —sin” O) — (b* — a*)* cos’ Osin® O



2

4 s(d°p
or p'+p (d@z
+(a’ cos> @ —b*sin” 9)°
=(b* —a’)[(a’ cos* @ —b"sin’ ) + (a’ cos” @ + b” sin” )
=b’a’(cos’ @ +sin’ 0) = a’°b’
Hence p+[d2 zj 232
do p
Example. Find y, ify = x""' log x.

Solution.

By Leibnitz's theoram, we get
=D"(x""logx)=D"(x"")logx+nD"" (x"")Dlog x + n(n2 D pe2 (x"")D* log x

+ nn=Dn=2) D" (X" D logx +....... +x""' D" Logx.

3!
|
NOWanm :( m. )'xm7’1;an,171 :O
m-—n).
|
Dn—lxm — m. xn1—n+l; Dn—lxn—l — (n_1)|
(m—-n+1)!
1! —1)!
Dn—2xn—1 — (n 1)'x;Dn—3xn—l — (l’l 1)'x2
1! 2!
and D" logx = (-1)"" (=Dt
x
Hence
! — — —1!
n(n— 1)' n(n 1) (n—1)! ( _2j+ nn—1)(n-2)(n 1)'x2%+....
) = 21 1! X 3! 21 X
E ey EDT =D
x?‘l

j (b> —a*)[(cos® @ —sin’ B)(a’ cos” O + b* sin® @) — (b*> —a*) cos’ Osin” 0]



Aliter. y =x""logx Ly =(m=Dx""logx+x".
sxy =m=Dx"ogx+x"" =(n—-1)y+x"".
Differentiating both sides (n —1)times, we have
D" (xy)=m-1)D""y+D"'x"",

-1
S ‘xyn +(n_1)yn—l :(n_l)yn+l +(n_1)! or yn = (n 1).
X

Example.

If y=acos(logx)+bsin(log x), show that x*y, + xy, + y =0
andx’y, , +(2n-Dxy,, +(n* +1)y, =0.

Solution.

Let y = acos(log x) + bsin(log x),
v, = —asin(log x).i + bcos(log x)i or xy, =—asin(logx)+ bcos(logx)
Now again differentiating both sides, we get

xy, + y, = —acos(log x)é — bsin(log x)%

or x’y, +xy, = —[acos(log x) + bsin(log x)]

or x*y, +xy, = -y

or x’y, +xy, +y=0.

Again differentiating both sides in times by Leibnitz's theorem,
D" (xzyz) +D"(xy)+D"(y)=0.

n(n—1)
2

or x’D"y,+nDx’D""'y, + D*x*D"?y, +xD"y, +nD""'y, +y =0

or xzyn+2 +2nxy, ., +n(n-ly +xy  +ny +y =0

or xzyn+2 + (2n _1)xyn+l + (n2 + 1)yn = 0’

Example If yp=sin(msin'x). prove that (1-x°)y,—xy,+m’y=0 and deduce that
(1-x*)y, ., —Q2n+xy,  —(n*—m*)y, =0.

Solution: Let y =sin(msin™ x).

10



m
(1-x°)

or (1-x)y? =m? —m? sin*(msin™" x) = m* —m*y*
34 Y

¥, = cos(msin™" x). or (1-x*)y} =m’cos’(msin”" x).

(=)l +mPy =m’.
Again differentiating both sides, we have

2y,y,(1=x*)=2xp} +2m’*yy, =0. ory,(1—x*)xy, + m’y = 0.
Now differntiating n time by Leibnitz's theorem, we get

nn-—1
Vi (1= 37) + 1y, 0 (220) +(2—v)yn (=2) - xy,,, —ny, +m’y, =0,

or (1-x*)y,,, —(2n+Dxy,,, —(n* —=m*)y, =0.
To find The nth Derivative When x =0
Example: Find (y,),. ify = sin(asin™' x).

Solution:
Let y=sin(asin"'x). .. (1)
a

: Lol
-y, = cos(asin x).m ,

or Y (1-x*)=a’cos’(asin”' x)=a’ —a’sin’*(asin”' x)=a’ —a’y
or yi(l-x*)+a’y* —a>=0. (2)
Differentiating (2), we have

2y, (1- xz) - y12 (—2x) + 2a2yy1 =0.

2

or y,(I-x)+xy, +a’y, =0 s 3)
Differentiating (3) n times, we have

Yurr (1= x") = ny, , 2x ~ n(nz,_ Dy, 22, —ny, +a'y, =0.

or y.,(1-x)-(2n+ l)xy,;+1 —(n*=d’)y, =0. e 4)

Putting x=01n (1), we get (y)o=0.

Putting x = 0 in (2), we get (y1)o=0

Putting x = 0 in (3), we get (y2)o=0 and

11



Putting x = 0 in (4), we get (ym)o = (f’l2 - az)(y,, )0
Now putting n =2 in (5), (Vo) = (2% =a*)(y,), =0.
Putting n =4 in (5), (V) = (42 - az)(y4)0 =0.

Similarly (15), = 0.

Thus the derivatives for which n is even are zero

) ) _ 12 2 2 2
Again, putting n =1,(y;), = (1" —a”).(y,), (I —a")a.
Now when nis odd. (¥,.,), = (”2 —a’ )V )o-

Putting n is place of (n-2) we obtain

1)y =[ (=2 =@ | (3,5,

Example.
Ify = tan"' x, prove that (1+x?)y, + 2xy, = 0 and deduce that

(1+x*)y, ., +2(m+1xy,  +n(n+1)y, =0 Hence determine (y,),

Solution.
Lety=tan”'x ... (1)
= @
"yl (1+x2)) cee
or (1+x%)y, —1=0. ..(3)
Differentiating (3), we get  (1+x7)y, +2xy, =0 ... 4)
Now , differentiating (4) n times by Leibnitz's theorem, we get
yn+2 (1 + xz) + nyn+1 (Zx) + n(nz'_ 1) yn 2 + 2xyn+l + 2nyn = 0
or (1+x*)y,.,+2m+Dxy, , +n(n+l)y =0 ... (%)

12



Putting x =0, in (1),(2) and (4), we get

() =0, Ny =1L (), =0.
Also putting x =0 in (5) we get

(¥,i2)o = —[(n+1)n](yn)o. ............. (6)
Putting n-2 in place of n in the foumula (6),we get

(Vo =[(n=D(n=2)1(y,,),

= [ =D = D} [~{(1=3)(n =D}, o

Since from (6), we have (¥, ), =—{(n—3)(n = 9)}1(3, ),

Case I. When n is even, we have
)0 =[HI(n =D(n=2)}][-{(n = 3)(n = 4)}]....[=C)N2)](¥,),
=0, Since (y,), = 0.
Case II. When n is odd, we have
(¥,)o =[=Hl(n =D(n =2)][{(n = 3)(n = H}]...[-(HO)I[-2)D(¥, )y
=(=D""m-1), since (y,), =1.

13



ADDITIONAL PROBLEMS:

1. Find the nth differential coefficient of

(i) sin’ x
(@) sin x cos 3x
(iif) e™ cos® xsinx
2
. X
iv
™ i)

2. If y =e" sinbx, prove thaty, —2ay, + (02 +b? )J’ =0

3. Ify = cos(msin‘1 x), prove that (l—xz)yz —xpy, +m’y =0 and

(1-57)y,., = @n+Dxy,,, +(m* —=n’)y, =0

.o 2
4.1¢ y=(sin™ x) ", prove that (1-x*)y, —xp, =2 =0 and deduce that

(l—xz)yn+2 ~Q2n+Dxy,,, —n’y, =0

5. Ify= etanflx, prove that (1 +x° )yn+2 +{2n+D)x-1}y, , +nm+1)y =0

14



	OBJECTIVES
	�

