Maxima and Minima 

As in one variable calculations, one use for derivatives in several variables is in calculating maxima and minima. Again as for one variable, we shall rely on the theorem that if f is continuous on a closed bounded subset of 
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2, then it has a global maximum and a global minimum. And again as before, we note that these must occur either at a local maximum or minimum, or else on the boundary of the region. Of course in , the boundary of the region usually consisted of a pair of end points, while in [image: image2.png]


2, the situation is more complicated. However, the principle remains the same. And we can test for local maxima and minima in the same way as for one variable. 

Definition 8.17   Say that f (x, y) has a critical point at (a, b) if and only if 
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(a, b) = [image: image4.png]2|2



(a, b) = 0. 

It is clear by comparison with the single variable result, that a necessary condition that f have a local extremum at (a, b) is that it have a critical point there, although that is not a sufficient condition. We refer to this as the first derivative test. 

We can get more information by looking at the second derivative. Recall that we gave a number of different notations for partial derivatives, and in what follows we use fx rather than the more cumbersome [image: image5.png]


etc. This idea extends to higher derivatives; we shall use 

fxx    instead of    [image: image6.png]


,    and    fxy    instead of    [image: image7.png]G2y



    etc.     

Theorem 8.18 (Second Derivative Test)   Assume that (a, b) is a critical point for f. Then 

· If, at (a, b), we have fxx < 0 and fxxfyy - f2xy > 0, then f has a local maximum at (a, b). 

· If, at (a, b), we have fxx > 0 and fxxfyy - f2xy > 0, then f has a local minimum at (a, b). 

· If, at (a, b), we have fxxfyy - f2xy < 0, then f has a saddle point at (a, b). 

The test is inconclusive at (a, b) if fxxfyy - f2xy = 0, and the investigation has to be continued some other way.

Note that the discriminant is easily remembered as 
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= fxxfyy - f2xy 

A number of very simple examples can help to remember this. After all, the result of the test should work on things where we can do the calculation anyway! 

Example 8.19   Show that f (x, y) = x2 + y2 has a minimum at (0, 0).

Of course we know it has a global minimum there, but here goes with the test: 

Solution. We have fx = 2x; fy = 2y, so fx = fy precisely when x = y = 0, and this is the only critical point. We have fxx = fyy = 2; fxy = 0, so [image: image12.png]


= fxxfyy - f2xy = 4 > 0 and there is a local minimum at (0, 0). 

Exercise 8.20   Let f (x, y) = xy. Show there is a unique critical point, which is a saddle point

Proof. We give an indication of how the theorem can be derived -- or if necessary how it can be remembered. We start with the two dimensional version of Taylor's theorem, see section 5.6. We have 

f (a + h, b + k) [image: image13.png]


f (a, b) + h[image: image14.png]
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where we have actually taken an expansion to second order and assumed the corresponding remainder is small. 

We are looking at a critical point, so for any pair (h, k), we have h[image: image22.png]


(a, b) + k[image: image23.png]2|2



(a, b) = 0 and everything hinges on the behaviour of the second order terms. It is thus enough to study the behaviour of the quadratic Ah2 + 2Bhk + Ck2, where we have written 

A = [image: image24.png]


,        B = [image: image25.png]G2y



,    and    C = [image: image26.png]


. 

Assuming that A[image: image27.png]


 0 we can write 

	Ah2 + 2Bhk + Ck2
	= A[image: image28.png]


h + [image: image29.png]
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k2
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where we write [image: image40.png]


= CA - B2 for the discriminant. We have thus expressed the quadratic as the sum of two squares. It is thus clear that 

· if A < 0 and [image: image41.png]


> 0 we have a local maximum; 

· if A > 0 and [image: image42.png]


> 0 we have a local minimum; and 

· if [image: image43.png]


< 0 then the coefficients of the two squared terms have opposite signs, so by going out in two different directions, the quadratic may be made either to increase or to decrease. 

Note also that we could have completed the square in the same way, but starting from the k term, rather than the h term; so the result could just as easily be stated in terms of C instead of A [image: image44.png]



Example 8.21   Let f (x, y) = 2x3 - 6x2 - 3y2 - 6xy. Find and classify the critical points of f. By considering f (x, 0), or otherwise, show that f does not achieve a global maximum.

Solution. We have fx = 6x2 - 12x - 6y and fy = - 6y - 6x. Thus critical points occur when y = - x and x2 - x = 0, and so at (0, 0) and (1, - 1). Differentiating again, fxx = 12x - 12, fyy = - 6 and fxy = - 6. Thus the discriminant is [image: image45.png]


= - 6.(12x - 12) - 36. When x = 0, [image: image46.png]


= 36 > 0 and since fxx = - 12, we have a local maximum at (0, 0). When x = 1, [image: image47.png]


= - 36 < 0, so there is a saddle at (1, - 1). 

To see there is no global maximum, note that f (x, 0) = 2x3(1 - 3/x)[image: image48.png]
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, since x3[image: image52.png]
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. 

Exercise 8.22   Find the extrema of f (x, y) = xy - x2 - y2 - 2x - 2y + 4.

Example 8.23   An open-topped rectangular tank is to be constructed so that the sum of the height and the perimeter of the base is 30 metres. Find the dimensions which maximise the surface area of the tank. What is the maximum value of the surface area? [You may assume that the maximum exists, and that the corresponding dimensions of the tank are strictly positive.]

Solution. Let the dimensions of the box be as shown. 
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	Figure 8.6: A dimensioned box


Let the area of the surface of the material be S. Then 

S = 2xh + 2yh + xy, 

and since, from our restriction on the base and height, 

30 = 2(x + y) + h,    we have    h = 30 - 2(x + y). 

Substituting, we have 

S = 2(x + y)[image: image57.png]


30 - 2(x + y)[image: image58.png]


 + xy = 60(x + y) - 4(x + y)2 + xy, 

and for physical reasons, S is defined for x[image: image59.png]


 0, y[image: image60.png]


 0 and x + y[image: image61.png]


15. 

A global maximum (which we are given exists) can only occur on the boundary of the domain of definition of S, or at a critical point, when [image: image62.png]9z
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= 0. On the boundary of the domain of definition of S, we have x = 0 or y = 0 or x + y = 15, in which case h = 0. We are given that we may ignore these cases. Now 

	S
	=
	-4x2 - 4y2 - 7xy + 60x + 60y,    so    
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	=
	-8x - 7y + 60 = 0,
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	=
	-8y - 7x + 60 = 0.
	 


Subtracting gives x = y and so 15x = 60, or x = y = 4. Thus h = 14 and the surface area is S = 16(- 4 - 4 - 7 + 15 + 15) = 240 square metres. Since we are given that a maximum exists, this must be it. [If both sides of the surface are counted, the area is doubled, but the critical proportions are still the same.] 

Sometimes a function necessarily has an absolute maximum and absolute minimum -- in the following case because we have a continuous function defined on a closed bounded subset of [image: image66.png]


2, and so the analogue of 4.35 holds. In this case exactly as in the one variable case, we need only search the boundary (using ad - hoc methods, which in fact reduce to 1-variable methods) and the critical points in the interior, using our ability to find local maxima. 

Example 8.24   Find the absolute maximum and minimum values of 

f (x, y) = 2 + 2x + 2y - x2 - y2 

on the triangular plate in the first quadrant bounded by the lines x = 0, y = 0 and y = 9 - x
Solution. We know there is a global maximum, because the function is continuous on a closed bounded subset of [image: image67.png]


2. Thus the absolute max will occur either in the interior, at a critical point, or on the boundary. If y = 0, investigate f (x, 0) = 2 + 2x - x2, while if x = 0, investigate f (0, y) = 2 + 2y - y2. If y = 9 - x, investigate 

f (x, 9 - x) = 2 + 2x + 2(9 - x) - x2 - (9 - x)2 

for an absolute maximum. In fact extreme may occur when (x, y) = (0, 1) or (1, 0) or (0, 0) or (9, 0) or (0, 9), or (9/2, 9/2). At these points, f takes the values -41/2, 2, 3, - 61. 

Next we seek critical points in the interior of the plate, 

fx = 2 - 2x = 0    and    fy = 2 - 2y = 0. 

so (x, y) = (1, 1) and f (1, 1) = 4, so this must be the global maximum. Can check also using the second derivative test, that it is a local maximum. 

